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I am convinced that the reinjection of more or less dircctiy empirical ideas into 
mathematics is a necessary condition to conserve the freshness and vitaliv of 
the subject. 
- JOHS VOX SIXW.ZSS 
This paper will essentially be concerned with a very aid problem in the 
theory of ordinary differential equations: what are sufficient conditions on the 
function F(t) in the equation 
d2x 
-p +F(t)Jc ;= 0 
such that (I) has a solution with at least two zeros in an interval I ? However, 
the sufficient conditions derived here are unusual in one respect: the motivation 
for the theorems comes from the physics of the gravitational field--General 
Relativity- and not from mathematical aesthetics. 
The notation and conventions of the equations and concepts from General 
Relativity theory will be the same as in [I]; see [2] for a more elementary 
introduction to General Relativity. Kecall that the object of study in Generai 
Relativity is a spacetime, which is a four-dimensional boundaryless Hausdorff 
manifold with a non-degenerate Lorentz metric g. A. timelike vector V is a 
vector satisfying g(V, V) < 0, a null vector satisfk g(V, V) =: 0 and a spacelike 
vector satisfies g(V, V) > 0. Latin indices label space and time dimensions 
and run from 1 to 4; Greek indices label space dimensions only and run from I 
to 3. 
Equation (1) is connected to General Relativity via the Jacobi equation 
d2Zm -.- = dt2 Ram I-ZWb, 
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which is defined along a timelike geodesic y(t). Za is a Jacobi field along y(t), 
t is the proper time along y(t), -Vu is a unit tangent vector to y(t), and Raaab 
is the Riemann tensor. It can be shown ([3], [4]) that a vector Za of equation (2) 
will vanish at a given value t if and only if a corresponding solution x of equation 
(1) also vanishes at t, where 
F(t) = +(R,,VV + 20”) 
Rab = R’acb is the Ricci tensor and ~9 is a non-negative function of t. 
More generally, it can be shown that Z”: will vanish at two points tr , t, 
in an interval I if and only if x(tr) = x(ta) = 0; that is, the points t, , t, are 
conjugate along y(t) if these points are also zeros of x. This connection between 
(1) and the conjugate points of the Jacobi equation is well-known, and in fact 
it motivated the use of the word “conjugate” in connection with equation (1): 
DEFINITION. Equation (1) will be said to be conjugate in an interval I if 
there exists a solution x(t) with at least two zeros in I. 
However, what is not so well-known is the fact that there is a connection 
between conjugate points along a timelike geodesic and the causal structure 
of spacetime. For example, 
THEOREIV (Avez-Hawking). Let p and q be points in a globally hyperbolic 
set N such that there is a curue from p to q whose tangent vector is eaerywhere 
timelike. Then there exists a timelike geodesic from p to q of maximal length. 
Furthermore, a non-spacelike geodesic of maximal length between two poi?lts p, q 
in spacetime has no conjugate points between p and q. (For a proof of this theorem 
see [l , p. 2131. Recall that a globally hyperbolic set is, roughly speaking, a set 
whose properties are completely determined from Cauchy data on a certain spacelike 
hypersurface. See [ 1, p. 2061 for more details.) 
Now Hawking and Penrose have shown [5] that under conditions which 
are thought to occur in the universe-conditions such as the absence of causality 
violation and the presence of a compact spacelike hypersurface-there is a 
timelike geodesic.1 which is entirely contained inside a globally hyperbolic 
set. Since by the above theorem this geodesic can have no conjugate points, 
the existence of this geodesic puts strong restrictions both on the Ricci tensor 
(because of equation (3)) and on the structure of the geodesic itself. 
In fact, Hawking and Penrose show that this geodesic must be incomplete. 
They accomplish this by assuming first that all known forms of matter cause 
1 More precisely, they show that a non-Apacelike geodesic must be entirely contained 
in a globally hyperbolic set. It can be shown that if this geodesic is null and complete, 
then there exists a solution x(t) to (1) with a positive definite function F(t) similar to (3) 
such that x(t) has at most one zero in (- IX), + ir). See Ref. [l] for details. 
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the Ricci tensor to satisfy the timelike conaergelace condition, which says that 
R,,,KaKb > 0 (4) 
at every point of the manifold for all timelike vectors KS. Equations (3) and 
(4) imply F(t) > 0 along any timelike geodesic. Then the incompleteness of the 
geodesic follows from the Avez-Hawking Theorem, the assumption that 
R,,KaKb > 0 at least once in every timelike geodesic’s history, and 
THEOREM 1 (Hawking-Penrose). Let F(t) be contimous and F(t) 3 0 ok 
t-00, $ “0). lf F(t,) > 0 fey some point t, E (- m, -t oo), tken (1) is colzjzigate 
O?Z (-co, i-03). 
The proofs of TheoTern 1 which haoe appeayed in the literature [l, p. 98; 5, p. 54Ij 
are based on the Riccati equation associated with (1) and are quite complicated. 
I &all give a simple proof of Theorem 1. 
Proof (construction). The solution x(t) defined by 
x(t1) > 0, 
dx 
z _ = 0 
t-t, 
has at least two zeros in (- co, + co). To see this, note that F(t,) > 0 implies 
f 
t2 
s 
fl 
F(t) dt > 0, F(t) dt > 0 
t1 to 
where t, < tl < t, , since F(t) 3 0 and F(t) is continuous. From (I), this 
gives for some to , t, 
and 
The inequality (5) and d2x/dt2 < 0 tell us that x(t) must have a zero in (tl ~ + CC>, 
and (6) tells us that it must have a zero in (-a, tr). 
The preceding theorem asserts conjugacy under the assumptions F(t) > 0 
for all t and F(t,) > 0 for some t, . The former assumption is rather dubious 
from the physical point of view, for there are types of matter for which 
R,,KaKb < 0 at certain points [l, p. 95; 61. It is possible, however, to prove 
that a pair of conjugate points exists on any complete timelike geodesic r(t) 
provided only that R,,KaKb is greater than zero on tke average along thegeodesic, 
where K3 is the unit tangent vector to y. 
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THEOREM 2. Let F(t) be continuous on (- 00, + m). If 
*+m 
J 
F(t) dt > 0 
-co (7) 
then (1) is conjugate on (-03, +c0). 
Note. Theorem 2 is still true even if the integral in (7) does not converge, 
provided we regard the expression 
I 
.+m 
F(t) dt > 0 
-02 
as a shorthand notation for 
lknrn~f stU F(t) dt > 0 
t ‘++m t’ 
(8) 
Proof of Theomn 2. Inequality (8) is equivalent to the existence of a number 
t,, such that .t” 
lim inf J Fdt >0 t”*+CC 4 
lim inf 
J 
%+dt > 0 
l’-r--m t’ 
(9) 
(10) 
Let x(t) be a solution of (1) satisfying the conditions 
f&l) = 1, x’(tJ = 0 
We will now show that x(t) must have a zero at some t > t, . A similar argument 
will show that x(t) will also have a zero at some t < to , and so (1) will be con- 
jugate on (-co, + co). 
Suppose on the contrary that x(t) > 0 on (to, +co). Let 
-x’(t) 
z(t) = -__ , 
x(t) 
which gives 
x’(t) - S(t) -F(t) = 0. 
Thus for any t E [t,, , +a), we have 
z(t) = + J;: x”(t) df + [: F(t) dt (11) 
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By the inequality (9), there is a number t, > t, and a number c > 0 for which 
I 
t 
F(t) at > c 
to 
for any t E (tl , +cG). Hence for any t E (tl , + ~0) 
z(t) > f%(t) at + c > 0. 
- to 
Let R(t) = J:, S(t) dt + c, so that R’ = f >, [sf, z?(t) dt f c]’ = R2. In- 
tegrating R’ > R” gives -l/R(t) > t-const for all t E (tl , +a). This is a 
contradiction, since R(t) > c > 0 in this interval. 1 
Equation (1) with F(t) = 0 has the solution x(t) = 1. This shows that (7) 
cannot be replaced with JTzF(t) dt = 0. 
As mentioned above, there will exist in many cases of physical interest a 
timelike geodesic y(t) of maximal length which is entirely contained in a globally 
hyperbolic set. By Theorems 1 and 2, this geodesic must be incomplete. We 
can also prove oscillation theorems which can be used to place restrictions 
on R,,KaKb along any maximal geodesic. For example, RabKaP is expected 
[l, pp. 2.X-261] to d’ g rver e along an incomplete timelike geodesic t -+ t, , 
where t, is the finite limit to the proper time. The following theorem places 
restrictions on the rate of divergence of R,,KaKb along y(t). 
THEOREM 3. Let F(t) be continuous and positive in the jnite interval (a, b). 
Ij either 
OI 
lim+rrf[(t - b>“F(t)] > $ 
iim+~nf[(a - t)‘F(r)] > $ 
then (1) is oscilZatory on (a, b). 
Theorem 3 has the following obvious corollary: 
COROLLARY 1. Let W(t) =F’(t)[F(t)]-31z. 1jlim,+ W(t) = 0 and lim,P(t) = 
co, then (I) is oscillatory on the jinite internal (a, b). 
Theorem 3 and its corollary are of course finite interval versions of well- 
known oscillation sufficiency conditions on (1, +a). In fact, Theorem 3 was 
proved many years ago by Leighton [7, p. 451, and the proof of the corollary 
is essentially the same as the proof of its infinite interval analogue [8, p. 472]. 
I include these results in this paper in order to point out their application to 
physics. 
It is also well known that 
(12) 
170 FRANK J. TIPLER 
implies that (1) is oscillatory on [l, + a) if to = + co. However, if t, is finite, 
then (1) need not be oscillatory on [l, t,). For the Euler equation 
a? -+ -$ = 0 (13) 
has a solution x’ = W which is positive in (0, I], and this implies that (13) 
is disconjugate in (0, I]. But 
iii; s l dt t4t”=+tC 
Note that any solution of (13) which is non-zero in (0, 11 approaches zero as 
t + 0. This illustrates the conclusions of 
THEOREM 4. Let F(t) be continuous and F(t) > 0 on the jinite interval [a, b) 
and suppose 
$+y ,; ds 
s J 
iIF ds’ = +co 
fog any t’ E [a, b). Then either (1) is o.scillatoTy on [a, b) OY else all solutions x(t) 
satisfy lim,, x = 0 (or both). 
Proof. Suppose not. Then there exists a solution x(t) such that x(t) > 0 in 
[c, b) for some c > a and lim,,, x(t) > d > 0. Let M = inf[infCs,g, x(t), d] > 0. 
Then 
x’(s) - x’(c) = -s’F(s’) x(s’) ds’ < -lVI /‘F(s’) ds’, 
c c 
which implies 
x(t) = x(c) + x’(c)(t - c) - \” ds I’F(s’) x(s’) ds’ 
-c c 
< x(c) + x’(c)(t - c) - M It ds JSF(s’) ds’. 
c c 
Since (14) holds, the R.H.S. of the above inequality will become negative aa 
t --f B. This implies that x(t) changes sign in [c, b), contrary to assumption. 1 
If (1) is disconjugate on [a, b), then the condition Km,, x(t) = 0 places 
a strong restriction on F(t), as shown in the following: 
THEOREM 5. Suppose F(t) is continuous and non-negative on the iriterval 
[a, b). If (1) is disconjugate on this iratema and for all solutiom of (1) we haae 
hi x(t) = 0 
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Then 
.b 
J F(t) at = fco. a 
Proof. Suppose not. Then since F(t) 3 0, the integral 
.t 
J 
F(C) dt’ (15) 
n 
is monotonically increasing. This means that (15) must converge to some 
positive number as t + b. VVe have for any c E [a, b) 
.t 
x’(t) = x’(c) - 
J 
F(t’)x dt’. 
P 
If we choose the solution X(C) = 0, x’(c) > 0, then x 3 0 on (c, b) and 
s”$ x < x’(c)(b - c) 
c, 
This gives for any t E [c, b) 
x’(t) 3 x’(c) - [n’(c)(b - c) ifF(t’) dt’] 
= x’(c) [l - (b - c) I+‘) dtt’] 
If x(b) is to be zero, then the term in brackets must vanish for some t E cc, b). 
However, by choosing c to be sufficiently close to b we can prevent this if (15) 
converges. Thus (15) must diverge as t -+ b. i 
The preceding Theorem has been proved by Leighton (9, p. 2621 under 
the assumption ,that F(t) > 0 near b. 
We can use the following theorem to show that along a maximal geodesic 
which is complete, R,,KaKb must vanish in an average sense as t -+ +CD~ 
(For more details of this application see [lo].) 
THEOREM 6. A sa@icient condition fop the conjugacy of (1) in the interval 
[to , +CD) is that there exist numbers t, , t, with t, < tr < t, such that 
1 
-< 
t1 - to s 
t2 
F(t) dt (16) 
tl 
assuming that F(t) is continuous and F(t) > 0 in [to , + CCI). 
Proof. There exists a solution x(t) which has a zero at t, . We will show 
that this solution has another zero in (to , + co). For assume it does not. Then 
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without loss of generality we can assume x(t) > 0 and dx/dt 3 0 in (to , + a), 
since if dx/dt < 0 at any point in (to, fco), we would have a zero in (t, ) +co) 
by the condition F(t) 3 0. From (1) we obtain 
Since dx/dt 3 0, we have x(t) > x(tr) for any t > t, . Since F(t) 3 0, we have 
x(G) >d” t,’ I dt =tl Or 1 
Thus 
x(t)F(t) dt < g j _ 
t-t, 
- f” x&)F(t) dt 
h 
- (4 - F(t) dt 
dx =- [ 
dt t=tl 
[ 1 - PI - to) l;F(t) dt] 
By hypothesis, the factor in brackets is negative. If dx/dt It+ > 0, then 
dxldt It+ < 0, implying a zero of x(t) in (t, , + 00). If dx/dt It+ = 0, then 
dxjdt ItZt2 < 0 since J: x(t)F(t) dt > 0 by assumption. In either case, x(t) 
must have a zero in (to , + co). This contradicts the assumption that x(t) has 
no zeros in (to, +a). Thus x(t) must have at least one zero in (to, +co), 
and so (1) is conjugate on [to , + co). 1 
The notion of a point conjugate to a hypersurface is also useful in General 
Relativity [I, p. 273; 3, p. 131. 
DEFINITION. A point p is said to be conjugate to a spacelike hypersurface S 
along a timelike geodesic y(t) which intersects S orthogonally if there exists 
along y(t) a function r(t) with x(p) = 0, and in addition x(t) satisfies equation (1) 
everywhere and the initial conditions 
x(0) = 1, 
dx 
z = XQa 
t=o 
at the point y(O) = y(t) n S. xaa is the contraction of the second fundamental 
form xab of S [l, pp. 99-100; 31. 
This concept of conjugacy to a hypersurface is used in General Relativity 
primarily to deduce restrictions on the size of globally hyperbolic sets. It can 
be shown [I, pp. 112, 206-2171 that to each point 4 in a globally hyperbolic 
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set containing the hypersurface S there is a timelike geodesic orthogonal to S, 
of maximal length from S to q, which does not contain any point conjugate 
to S between S and q. Thus if all the timelike geodesics which are orthogonal 
to S have points conjugate to S within a distance c from S, then all timelike 
curves must either have a length less than 2c, or else leave the globally hyperbolic 
set about S after a proper time 2c. 
The following theorem can be used to place limits on the size of the globally 
hyperbolic set containing a spacelike hypersurface S provided it is known 
that R,,KaKb >, 0 everywhere, that R,,KaKb is positive in a suitable way 
near S, and that S is extremal. (An extremal hypersurface is one for which 
- 0 at every point [2, pp. 5X-540]. Th’. 1s c ass 1 of hypersurfaces has been 
ti;eiively studied by General Relativity theorists [l 1, 123.) 
THEOREM 7. Let F(t) > 0 be continuous on [0, + m). ‘Then the solution of (I) 
dejned by 
s(0) = 1, 
dx 
iz tzo = O 
has a zero in the interaal [0, a + l/b] provided 
s 
‘F(t)dt 3 b 
0 
Proof Suppose not. Then we have x > 0 in this interval and 
p 1 _ = -IaF(t) x(t) dt < -x(a) j’F(t) dt = --s(a)b 
t-a 0 0 
Since dxjdt < dx/dt 1 t=a for all t > a before the first zero of X, there must 
be a zero of x within a distance c of t == a, where c is defined by 
Thus 
dx 
2i t=a 
_ -44 
c 
44 -s(a) 1 
’ = - dx!dt jtcu G =&$ - 5 
Thus assuming x > 0 in the interval [0, a + l/b] implies a zero in this interval. 
This is a contradiction, so x must pass through zero in the interval [0, a + l/b]. 
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